Abstract: \Ve consider the direct and inverse scattering for the n-dimensional Schrodinger equation, n 2: 2, with a potential having no spherical symmetry. Sufficient conditions are given for the existence of a Wiener-Hopf factorization of the corresponding scattering operator. This factorization leads to the solution of a related Riemann-Hilbert problem, which plays a key role in inverse scattering.
4. J.... = 0 is not an exceptional point. This condition is satisfied if there are neither bound states nor half-bound states at zero energy.
As I.rl ~ 00, the wavefunction ~, behaves as (2) where e E sn-l is a unit vector in R n and . Here we discuss the \Viener-Hopf factorization of the scattering operator and give sufficient conditions for the existence of such a factorization. The \Viener-Hopf fact.orization of a unitary transform of the scattering operator, which we also establish, leads to the solution of a lliemann-Hilbert problem which plays a major role in inverse quantum scattering. \Ve only state our results here, and for proofs we refer the reader to [A V89a, AV89b]. To keep the discussion short, we only consider the case where the potentials do not have any bound states.
RIEMANN-HILBERT PROBLEM
It is possible to pose the inverse scattering problem as a vector-valued RiemannHilbert problem (Hilbert's t.went.y-first problem in a generalized sense). The solution of the Schrodinger equation satisfies the functional equation
}sn-l or equivalently
G(k,.7:, B, B') = e-ik(e-e'l'x S(k, -B, -8').
For potentials as specified in Section 1, f± has an analytic extension in k E C±. Here C+ denotes the upper half complex plane and c-denotes the lower half complex plane. Let us write (5) in vector form and suppress the x-dependence as
or eq ui valen tly as
In L2 (sn-l ), the Hilbert space of square integrable functions on sn-l, the strong limi t of f ± is i as k --. 00 in C±. Note that in our not.ation I denotes the identit.y operator on L2(sn-l) and i denotes the vector in L2(sn-l) such t.hat i(B) = 1, WE sn-l. Hence, (9) constitutes a Riemann-Hilbert. problem: From the knowledge of G(k), determine X±(k).
WIENER-HOPF FACTORIZATION
We have the following result.
Theorem 1 For potentials as specified III Section 1, G(k) defined in (7) and is boundedly invertible there.
G+(k) is analytic in C+ and G_(k)
is analytic in C-. In case there are no partial indices; i.e., when D(k) = I, the resulting Wiener-Hopf factorization is called canonical.
D( k)
Note that, as seen from (7) 
and (12) provided Pji = 0 whenever pj < O. Here lI'j is a fixed nonzero vector in the range of Pj, and <pj(k) is an arbitrary polynomial of degree less than Pi associated with each Pj > O.
We can state our result as follows.
Theorem 2 For potentials as specified in Section 1, the Riemann-Hilbert problem (9) has a solution if and only if Pj i = 0 whenever Pi < O. When this happens, the solution is given by (11) and (12).
A simple condition that assures the unique solvability of the Riemann-Hilbert problem (9) is given by sUPkER IIS(k)-III < 1, where the norm is the operator norm in C (L 2 (sn-l) ).
If this holds, neither the scattering operator S(k) nor its unitary transform G(k) has any partial indices. As a result, in this case, (9) is uniquely solvable.
